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Frequency Response (1)

« Transfer Function H(z) 1s the z-transform of the
impulse response h(n)

H(z) = ih(n) z"

*Output y(n) 1s the convolution of the input x(n) and impulse
response h(n)

y(n) = h(n)-x(n) = 2.h(k) x(n-k)
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Frequency Response (2)

« Consider a pure phasor input x(n)=e¢J/27n
* The output y(n) is y(n) = h(n) « x(n)

y(n)= jh(k) x(n-k)= ih(k) NELCRY

x(n) y(n)

y(n)=e 27Qn [ih(k) e-jank] —> H(z) >

y(n) — ej2nQn H(ej2n£2)

The response to a phasor 1s

v'a phasor at the same frequency

v'the gain is the modulus of H(e 127?)

v'the phase shift is the argument of H(e 127 9)
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Difference Equation (1)

Linear Time-Invariant -> Constant

Coefticient Linear Difference
Equation

y(n) =ay(n-1) + x(n)
ICs: y(-1) =0 then for x(n)=0(n)
we get
y(0) =1
y(1)=ay(0) +x(1)=a
y(2)=ay(l)+x(2)=a’

-> h(n) = a” U(n)

—» h(n) e

Knowledge of underlying
physics gives the difference
equation.

Measurement gives impulse
response.
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Difference Equation (2)

Let y(n) be linear combination of the N past output values and
the present and M past input values (causal) we get:

y(n)=-aiy(n-1)-a y(n-2)-asy(n-3)----+bo x(n)+bix(n-1)+b2x(n-2)+---

or (witha,=1) N M

D ay(n-k) =D br x(n-r)

~\r0v\

General difference equation representing a causal linear
time-invariant filter.
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Rational Transter Function

 Now take the z-transform of both sides

N M
dazt Yz)= Dbzt X(2)
k=0 r=0

e The filter transfer function H(z) 1s

v &
i X(z) B ia _

« H(z) is rational, with a M™ order polynomial as numerator
and N™ order polynomial as denominator -> it has M zeros
and N poles in the z-plane
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FIR versus IIR (1)

h(n)
L ® ® ® ®

e FIR = Finite Impulse Response

filter i
h(n) non zero only fornin —* o~ oo

[0, ]

h(n)
example: rectangular response 1

s a
« [IIR = Infinite Impulse

Response filter [ [ ----------
example: h(n)=a"U@m) ° ° D -
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FIR versus IIR (2)

« Difference Equation

D ay(n-k) =D br x(n-r)

 For FIR we have N=0 and ... M
v’ for causal FIR — y(n)= zbr X(n-r)
r=0

v’ or for non-causal FIR

.

y(n)=---+b2x(n-2)+bix(n-1)+box(n) +bix(n-1)+b2x(n-2)+---

* For IIR N is not zero and the difference equations
are recursive: y(n) depends on the past (and
future) output values.
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FIR versus IIR (3)

 FIR transfer function

H(z)= 2h(n) 7" =h(m)z" +h(m+1)z"™" +-+h(m) 2

n=nl

no pole except at z=0 (causal) or z=infinity (anti-causal)

M

Zbr z" +o0

H(z) = 5>——= 2h(n)z"
k n= o

ak Z
k=0
has both poles and zeros in the z-plane

e JIR transfer function
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FIR properties

* Frequency response is defined by location of zeros only.
For a given complexity (nbr of multiply/add) the
transition band will be smoother (that 1s less sharp) than
with a IIR.

« The FIR are always stable:

y(ny=h(n)x(n)= Ehao x(n-k)= D (k) x(n-k)

k=n1

Yo Zh(k) X(n—k)| Zh(k)| Xmas| < [Z\h(k)\ [Xmax|

k=ni1 k=ni1 k=n1
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Even-symmetric FIR
* h(n) =h(-n)
« Evaluate the frequency response

(assuming that N 1s odd) and h(n)
h(n) 1s real-valued ! (N=7)

n=ni

H(z)=ih(n) 7" = ih(n) z" { I {
n=-% . T T . n

if h(n) = h(-n) we get

N-1
H(ej271:§2) :h(0)+ ih(n) (e—jZTl:nQ _e+j271:nQ)
n=1
N-1

H(e'*™*) =h(0)+2 ih(n) cos[2zna]

n=1

The frequency response is real: phase shift 1s 0 or 180 degrees
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Odd-symmetric FIR

* h(n) = - h(-n)
h(n)
* Evaluate the frequency response o (N=7)
(assuming that N 1s odd) and h(n) 1s
real-valued { ¢+ n

N ‘ll )

H(e'?™*)=-2] ih(n) sin[2zna]

The frequency response is imaginary: phase shift 1s 90 or -90 degrees
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Constant Group Delay Filter

e Take even-symmetric FIR
H(z) and shift its symmetry
axis by L time samples

Hi(z)=z" H(z)

h(n)

Hl(ejZ‘th) — e-jZTEQL H(ejZRQ)

 Since H(e/*™?) is purely real,
H, has a linear phase
characteristic -> Constant
Group Delay

h1(n)
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FIR Filter Design

Signal Processing
Toolkit of MATLAB

Define the frequency A
response template. Dy

Case of LPF: o,
v" Pass band End F 05t

pass

v" Pass band Ripple D Dy > | |

pass

v" Stop band Start F ° Fpass/A s

¥~ ¥

stop
v" Stop band Attenuation

D

stop F. -F__. = Transition band

stop - pass
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Example 1: Equiripple LP FIR (1)

e LPF example:
v’ Pass band End F . = 0.1

v" Pass band Ripple
D,0s=0.05 (5%)
v" Stop band Start F, =

03

respense

0.13
v" Stop band Attenuation -
D, =0.1(1/10)

stop
e  Minimum of 31 coefficients

needed to achieved required
specifications

« Even-symmetric impulse
response

Samples
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Example 1: Equiripple LP FIR (2)

« Achieved frequency

response

* Purely linear phase o

response = constant A 4N EEEREREREEN

group delay filter O\ -

. Exact zeros in the stop —

band NN |
e
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Example 1: Equiripple LP FIR (3)

Pole-Zero plot 1n the
z-plane

FIR -> pole at zero
(causal)

Location of zeros:

v" On the unit circle in
the Stop band

v" Far from unit circle in
Pass band -> ripples
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Example 2: Design using Wlndows (1)

Idea:

v’ start from an ideal frequency
response template (rectangular) ——

v" expand this function as an
infinite Fourier series over the

-1/2

12 Q

normalized frequency interval | o, 0,
-1/2,1/2]

v’ identify the Fourier coefficients - N .
as the FIR coefficients h(n) H(e™™) = ZCH.G J

v’ truncate this series to the Y
desired number of FIR
coefficients

v multiply the impulse response

>
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by a window to limit the Gibbs h(n)=c_ forne [. N2 1 N4

phenomenon
\ and h(n) = 0 elsewhere
h'(n) =h(n).w(n)

withc = jH(ernQ) R 0
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Step 1: Approximation
Select Chebyshev Type |

Filter Design & Analysis Tool - [C:laalm\Huimin_Chenim\Lecture14 . fda] =/o)Ed

File Edit Analysis Targets  Wiew  ‘Window Help
D&k 220X 0 & DIbid# & [T~ B bl @I K2

— Current Fiter Information —— — Magnitude Responsze (dB)

o T T T T T T T T T
Structure:  Direct-Faorm Il i i i i i i i i i i
Second-Crder 100 fF----- 4' ------ : ------ :- ----- 4' ------ : ------ :- ----- 4' ------ : ------ :- SEEE ' ------
Sections i) ! ! ! : ! ! : ! ! :
Circlet: 4 o ‘ ‘ ‘ : ‘ ‘ : ‘ ‘ :
Sections: 2 B - i i S R . S R ;e S R
Stable:  Ves & A e A
= . Designed = i i i i i i i i i i
aurce ezigne 300 koo E— R S — R . — R . —
(P08 N T A TN SN S S S AN S
[ Stare Fiter ... ] ] 1 2 3 4 5 (=] T =] g 10
Freguency (kHz)
| Fitter hManager ... |
__Responze Type___ Filter Crder — Freguency Specifications — Magnhitude Specifications
@ |Lowpass j () Specify order: Units: |Hz j Units: |dE j
FH
O |Highpass - _
= O Barg J (%) Minirmumn order Fa: 22000 . "
andpass P
EIEA
= EBandsto _ i Fpass: 3400
. g R Qptians & Astop: o0
Differentiatar < hatch ctly: -
— | [ hexactly. [passband - | Fstop: 5000
@ | DesignMethod |
S| @ IR | Chebyshey Type | =
BE
Sl COFIR | Equiripple -




Example 2: Design using Windows (2)

* Using Kaiser window

e Same spec as before:
v' Pass band End = 0.1
v" Pass band Ripple = 5%
v" Stop band Start = 0.13
v" Stop band Attenuation = 1/10

SSSSSSS

e Comparison with Equiripple
design:
v’ 43 coefficients vs. 31 (-)

v" Decreasing amplitude ripples in
the Stop band (+)
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Example 2: Design using Windows (3)

* Pole-Zero plot
e Location of

ZEros: i eoto0
v' On the unit 3 B
circle in the 9 o .
Stop band O S — et !
v Far from unit ol %Q : o oo
circle in Pass %o, o
band aE | l ‘?"°“°"°§°“°“°"°'° ‘ l l l
-2 1.5 1 0.5 0 05 1 1.5 2 2.5
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Needed number of coettficients

* For equiripple LP FIR filters:

N 2 log| 1 | Fs
e — _ 10

3 g 10 Dpass Dstop Fstop - Fpass
v'Independent of BW (F )"

v"Weak (logarithmic) dependence on the
Pass band ripple level and the Stop band
attenuation

v'Linear dependence on the transition band!

* Our example: Ne = 29 (compared to 31)
* Problem: Very narrow filters -> Decimating
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Overview

Specification

Step 1: Approximation - Select Chebyshev Type |
Step 2: Realization - Cascade of biquads

Step 3: Study of imperfections - Quantizations

Redo design steps

— Step 1: Approximation

— Step 2: Realization

— Step 3: Study of imperfections

Step 4: Implementation
MATLAB FDAtool documents




Start with specification

Filter Design & Analysis Tool - [C:\aalm\Huimin_Chenm\Lecture14.fda] =a/Ed
File= Edit Analysis Targets Yiew ‘Window Help
SR 220X |10 R IR & T~ B L @RI W
— Current Filter Information _ Fitter Coefficients
*tag. (dE)
Structure:  Direct-Form Il ’
Secand-Order
Sectiohs _L
COrder: 4 |
Sections: 2 L ’&bass
Stahle: hil== T
SOLrCE: Dezigned
g ’Elstn:lp
| Store Fitter ... | | s
0 Frocs Fato Fs2  fiHz)
| Filker Manager ... | = p/_\
= O~
— Respo — Filter Crder ?yzﬁncy Specifications — Magnitude Specificatiun%
&) |Lowpass D () Specify order: Units: |Hz j Units: |dE j
O |High ~| _
) |Highpass M ,
(%) Miniraurn orcer Fz 22000
—* () Bandpass - Apass [
i o -
() Bandztap _ Optians \ Fpass: (3400
o ) Aztop: 20
A | Differentiatar h fulatch cly: -
y J chexactly. |passhand J N - 100

| Design Method

||

=l @R Chebyshew Type | j
[

()VFIR | Equiripple

[
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Step 1: Approximation
Select Chebyshev Type |

Filter Design & Analysis Tool - [C:laalm\Huimin_Chenim\Lecture14 . fda] =/o)Ed

File Edit Analysis Targets  Wiew  ‘Window Help
D&k 220X 0 & DIbid# & [T~ B bl @I K2

— Current Fiter Information —— — Magnitude Responsze (dB)

o T T T T T T T T T
Structure:  Direct-Faorm Il i i i i i i i i i i
Second-Crder 100 fF----- 4' ------ : ------ :- ----- 4' ------ : ------ :- ----- 4' ------ : ------ :- SEEE ' ------
Sections i) ! ! ! : ! ! : ! ! :
Circlet: 4 o ‘ ‘ ‘ : ‘ ‘ : ‘ ‘ :
Sections: 2 B - i i S R . S R ;e S R
Stable:  Ves & A e A
= . Designed = i i i i i i i i i i
aurce ezigne 300 koo E— R S — R . — R . —
(P08 N T A TN SN S S S AN S
[ Stare Fiter ... ] ] 1 2 3 4 5 (=] T =] g 10
Freguency (kHz)
| Fitter hManager ... |
__Responze Type___ Filter Crder — Freguency Specifications — Magnhitude Specifications
@ |Lowpass j () Specify order: Units: |Hz j Units: |dE j
FH
O |Highpass - _
= O Barg J (%) Minirmumn order Fa: 22000 . "
andpass P
EIEA
= EBandsto _ i Fpass: 3400
. g R Qptians & Astop: o0
Differentiatar < hatch ctly: -
— | [ hexactly. [passband - | Fstop: 5000
@ | DesignMethod |
S| @ IR | Chebyshey Type | =
BE
Sl COFIR | Equiripple -




Export coefficients: File,

EX

port

Filter Design & Analysis Tool - [C:\aalm\Huimin_Chenm\Lecture14.fda]

S]E %]

File= Edit Analysis Targets Yiew ‘Window Help
DEedE&lk 220X 0 & bl Rd# 3 1] Bk @& B

= Current Filter Information ————— Filter Cosfficients

508 matrix:

Source: Desighed

| Store Fitter ... |
| Filter Manager ... |
— Response Type — __ Filter Crder — Freguency Specifications _

® |Lowpass j () Specify order: Unitz: |Hz j
= {:} Highpass J
[ -
— () Band (%) Miniraurn order Fs 22000

andpaszs

FIEA i
= (O Bandstop — Optiors Fpass: (3400
Differentiatar - Match cly: -
o _ [ chexsetly. |passband - | Fstop: 5000
@ | Design Method

1 2z 1 1 -1.020z475545115548 0_792238171200357321

structure: - Direct-Form I, 1 2 1 1 -1.2896853671185906595 0O_L502594198866405027
Second-Order s
Sections S2cale Farctors:
Crdlet: Pl 0.1931585383 7259457
i 0.05427207936874516
Sections: 2 0.891750938133 74556
Stabile: Yes

Export =)
__ Export To
Wiorkspace j
_ Export As
Coefficients -]

SO Matrix

__ “ariaghle Mames

Scale YWalues: |G

[ ] Owerwrite Watiahles

S0S5

Lox |

[ Cancel ]




Step 2: Realization
Direct-form |l biquads

B Figure 1 =/a/d
|

Fil=  Edit View Insert Tools Deskiop  Window  Help

DedE h RaO® € 08 80

02915

R ?I—"
T
g

;o %
e Voo Ve

S

.ﬁ ?’I—ﬁ




Step 3: Study of imperfections:
Quantization

B Filter Design & Analysis Tool - [C:\aalm\Huimin_Chen\m\Lecture14q.fda]
File Edit Analysis Targets  Wiew  MWindow Help

DeHal (2ReX T B W40 BLeRE W

— Magnitude Responze (dE)

The spec is
violated!

— urrett Fiter Information

p |
Structure:  Direct-Form I, 3 el EEELEEE - H
Second-Crder - ) :
Sections ir] Mk
Circer: 4 o :
Zections: 2 E [ R ]
Stable:  es = [
Source; Designed (quarntized) = i
'5 """""" rTTTTTTTT T T TTTTTTT A 1 ""'""':""""'T""""'%""""'T
-] el f--------- oo N il b Inlaleielelalels  inlalaaielelalels foomoo--- 1l
[ Stare Fiter ... ] 0 0.5 1 1.5 2 25 3 35
Frequency (kHz)
[ Fiter Manager ... ]
<@ arithmetic: |Fixed-point j | Coefficients | | InputOoutpLt || Filter Internals
Coefficient ward length: | Best-precizion fraction length
o © p gt |:| IUze unzigned representation
—F
EICA
-.>
' ]
R




Redo step 1: Approximation
Increase order

Filter Design & Analysis Tool - [C:\aalm\Huimin_Chenm‘\Lecturel4redo_fda] =)o)Ed

Fil= Edit Analysis Targets MWiew ‘Window Help

hedESR 220X |0 & DM B 50— B bl @R N

= Currett Fitter Information — hlagnitude Response (dB)
o T T T T T
Structure:  Direct-Forem I, A0 oo o R T S B S e =
Second-Crder E E E E E E E E E :
Sections o : : : : : : : : : :
Crder: 5 > e -200 e Ha oo Pt Fi oo Pt F oo P Pl
Sections: 3 E : : : : : : : : : :
Stable:  Yes & -300 ----- poosses pee Foes poosses Hes oS Doosses Hess Hooss st
Source;  Designed = i i i i i i i i i i
400 fF-----q------ iRaEEEl RaGEELLICELEEE bl RalEEbliSEEEE il ek E L
500 l l l | l l | l l |
| Stare Fitter ... | 0 1 2 3 4 5 B 7 & g 10
Frequency (kHz)
| Filter Manager .. |
__Rezsponze Type___ Filter Crder — Freguency Specifications — Magnhitude Specifications
() |Lowpaszs j O Ep Unitz: |Hz j Urits: |dE j
= ) |Highpas= -
J (%) Minimum order Fe: 22000 T
— () Bandpass < Spgss (005
EE ~\
= Bandsta _ i Fpass: 3400
. g i crions i Astop: 20
Differentiatar - hstch Ctly: -
— J choexactly.  |passband J Fatop: =000
IEI | Desighn Method
-"”F.EE (#1IF | Chebyshey Type | j
e




Redo step 2: Realization

B Figure 2 ==/

File Edit View Insert Tools Desktop  Window  Help u

DEEES K RO ® € 0EH 8O0




Redo step 3.
Study of imperfections

B Filter Design & Analysis Tool - [C:\aalm\Huimin_Chen\m\Lecture14redoQ.fda]
File Edit Analysis Targets  Wiew  MWindow Help

DeHal (2ReX T B W40 BLeRE W

— iCurrent Fitter Informetion ———— bagnitude Responze (dE)

The spec is
OK

Structure: Direct-Form I,
Second-Crder

Sections @ _____________________________________
Circet = I
Sections: 3 E _____________________________________
Stakle: Yes %.
Source; Designed (quarntized) b= - I FU U SR

—
—
i
[}

| Store Filter . J 0 05

Frequency (kHz)

[ Fiter Manager ... ]

/ \
<@ arithmetic: |Fixed-point ) - | Coefficients || InputOoutpLt || Filter Internals
Coefficient word length: v | Beat-precizion fraction lengths
o © p ot |:| IUze unzigned representation
—F
EIE

[ £

&l
B

D




Step 4: Implementation

14.ppt]

n Filter Design & Analysis Tool - [Claalm\Huimin_Cheni\m\Lecture14redot).fda]
File Edit #Analysis Targeks View ‘Window Help

DS @‘ Generate C header ... ]|@ fb b m I= [hD] a

Code Compaser Studia (km) IDE
Currert Fiter J0hs

HILINK Coefficient (. COE) File B Export to Code Composer Studio (R) IDE
aenerats HOL ...
I |

SE) <

Export mode: | header file ;I Disakle memory transfer warnings

— “ariable names in C header file

Murmerstor: LIk Murmerator length: ML
Denominator: | DEM Denominator length: (DL
Murnber of sections: M=
— Data type to uze in export — Target Selection
Sigried 8-bit integer with LR Board #: o

(®) Export suggested: S-bit fractional lencgth
DEP Proceszar & 0

{7 Export as: LI

Fractional length: 5 | Select target .. |

[Generate] [ Cloze ] [ Help ]






